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1 Introduction 



1.1 Let X be a nonsingular projective algebraic variety over a number field F. Let 
C = {L, (II • ||„)^) be a metrized line bundle on X, i.e., a line bundle L together with a 
family of f-adic metrics, where v runs over the set Val(F) of places of F. Associated to 
C there is a height function 

He : XiF) ^ R>o 



on the set X{F) of F-rational points of X (cf. |p4| , [T8| for the definitions of i;-adic metric, 
metrized line bundle and height function). For appropriate subvarieties U <Z X and line 
bundles L we have 

Nu{C,H) := {x e U{F) \ Hc{x) < H} < oo 

for all H (e.g., this holds for any U if L is ample). We are interested in the asymptotic 
behavior of this counting function as if — *• cxd. It is expected that the behavior of such 
asymptotics can be described in geometric terms (||1|, |^). 
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Let 

Aeff(X) := Yl ^^>oW ^ Pic(X)R 

be the closed cone in Pic(X)R, generated by the classes of effective divisors {[L] denotes 
the class of the line bundle L in Pic(X)). Let L be a line bundle on X such that [L] lies 
in the interior of Aeff(X). Define 

a{L) := inf{a G R | a[L] + [Kx] G Acfr(X)}, 

where Kx denotes the canonical line bundle on X. Assume that Aeff(X) is a finitely 
generated polyhedral cone. For L as above we let b{L) be the codimension of the minimal 
face of Aeff(X) which contains a{L)[L] + [Kx]- 

By a Tauberian theorem (cf. P], Theoreme III), the asymptotic behavior of Nu{C, H) 
can be determined if one has enough information about the height zeta function 

Zu{C,s):= J2 Hcixy. 

x£U(F) 

More precisely, suppose that Zu{C, s) converges for Re(s) 2> 0, that it has an abscissa of 
convergence a > and that it can be continued meromorphically to a half-space beyond 
the abscissa of convergence. Suppose further that there is a pole of order b at s = a and 
that there are no other poles in this half-space. Then 

NuiC,H) = cH''ilogH)''-\l + oil)) 

for H ^ oo and ^ 

c = 71 TW ■ ~ afZuiC, s). 

[0 — l)la s^a 

It is conjectured that for appropriate U and C one has a = a{L) and b = b{L) (cf. [|l], 0). 
Moreover, there is a conjectural framework how to interpret the constant c (cf. jl^ , |]). 
There are examples which demonstrate that this geometric "prediction" of the asymptotic 
cannot hold in complete generality, even for smooth Fano varieties (cf. [H). Our goal is to 
show that the conjectures do hold for a class of varieties closely related to linear algebraic 
groups. Our results are a natural extension of corresponding results for flag varieties (cf. 
0) and toric varieties (cf. 0, ^). We proceed to describe the class of varieties under 
consideration. 
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1.2 Let G be a semi-simple simply connected split algebraic group over F and P C G 
an F-rational parabolic subgroup of G. Let T be a split algebraic torus over F and X a 
projective nonsingular equivariant compactification of T. A homomorphism rj : P ^ T 
gives rise to an action of P on X x G and the quotient Y :— {X x G)/P is again a 
nonsingular projective variety over F. There is a canonical morphism tt : Y ^ W :— P\G 
such that Y becomes a locally trivial fiber bundle over W with fiber X. Corresponding 
to a character A G X*{P) there is a line bundle Lx on W and the assignment A 
gives an isomorphism X*(P) — > Pic(iy). 

The toric variety X can be described combinatorially by a fan E in the dual space of 
the space of characters X*{T)^. Let Pi^(S) be the group of E-piecewise hnear integral 
functions on the dual space of X*(T)r. Any (/? G FL(S) defines a line bundle L^p on X 
which is equipped with a canonical T-linearization and we get an isomorphism PL{Ti) ~ 
Vic^{X). There is a canonical exact sequence 

^ X*{T) PL{T) Pic(X) ^ 0. 

The T-linearization of allows us to define a line bundle on Y and this gives a 
homomorphism PL(Ti) — > Pic(y). One can show that there is an exact sequence 

(1) ^ X*{T) PL{E) © X*{P) Pic(F) ^ 0. 

Denote by Y° :— {T xG)/P the open subvariety of Y obtained as the twist of T with W. 



1.3 By means of a maximal compact subgroup in the adelic group G(A) we can in- 
troduce metrics on the line bundles Lx- The corresponding height zeta functions are 
Eisenstein series: 

J2 Hc,{w)-^^E${s\-pp,1g)- 

w&W{F) 

On the other hand, for any Lp G PL^E) there is a function 

Hj:i-,ip) : r(A)^R>o 

such that Hj:{x,ip)~^ is the height of a; G T{F) with respect to a metrization of L^. 
This metrization induces a metrization of the line bundle on Y. 
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Let (x, 7) G T{F) x G{F) and let y be the image of (x,7) in Y{F). Then there is a 
p-y G -P(A) such that 

Hence we may write formally 

-1&P(F)\G{F) xeT(F) 

Now we apply Poisson's summation formula for the the torus and get 

(3) V H^{xri{p^),sip) = / H^{x,Sip)xiviP"/)y^dx, 

xeT{F) i(T(A)/T(F))* 

where Hy,{ ■ , sip) denotes the Fourier transform of ■ , s(p) and (T(A)/T(F))* is the 
group of unitary characters of T(A) which are trivial on T[F) equipped with the orthog- 
onal measure dx- Actually, it is sufficient to consider only those characters which are 
trivial on the maximal compact subgroup of T(A), because the function Hy,{ ■ ,(p) is 
invariant under The expression (|^) can now be put into @, and after interchanging 
summation and integration the result is 

(4) Zyo{Cl ® Tr*^, s)= [ sv)E'^{sX - pp, {x o vr')dx 

J(T(A)/T(F)Kt)* 

where Ep{sX — pp, ^) = Ep{sX — pp, ^, 1^) is the Eisenstein series twisted by a character 
^ of -P(A). This is the starting point for the investigation of the height zeta function. To 
get an expression which is more suited for our study we decompose the group of characters 
(T(A)/T(F)K'jn)* into a continuous and a discrete part, i.e., 

(T(A)/T(F)Kt)* = X*(T)r © Ut, 

where X*(T)r, is the continuous part and Ut is the discrete part. The right-hand side of 
(|) is accordingly 

(5) / <y2Hj:{x,sip + ix)E^{sX-pp-if]{x),{x°vy^)>dx. 

Recall that we would like to show that this function which is defined for Re(s) ^ (as- 
suming that [if, X) is contained in a convex open cone) can be continued meromorphically 
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beyond the abscissa of convergence. To achieve this we need more information on the 
function under the integral sign in (^. First we have to determine the singularities of 



(A-pp, (xo 



near the cone of absolute convergence. This is possible because ifs can be calculated 
rather explicitly and it is not so difficult to determine the singular hyperplanes of the 
Eisenstein series with characters. The next step consists in an iterated application of 
Cauchy's residue formula to the integral over the real vector space X*(T)r.. This can be 
done only if one knows that 



satisfies some growth conditions when x G X*(T)r, tends to infinity. This is true for 
the function x ^— Hj]{xi + '^^) thanks to the explicit expression mentioned above. The 
absolute value of the Eisenstein series Ep{s\ — pp — ifj{x), {x°v)~^) "^iH general increase 
for x — > cxD if Re(s)A — pp is not contained in the cone of absolute convergence. However, 
if Re(s)A — pp is sufficiently close to the boundary of that cone, this increasing behavior 
is absorbed by the decreasing behavior of Ht,{x^ sip + ix). 

Therefore, we may apply Cauchy's residue theorem and show that (|^) can be continued 
meromorphically to a larger half-space and that there are no poles (in s) with non-zero 
imaginary part. 

The Tauberian Theorem can now be used to prove asymptotic formulas for the count- 
ing function Ny^C^ ® 7i*Cx,H) provided that one knows the order of the pole of the 
height zeta function. This problem can be reduced to the question whether the "leading 
term" of the Laurent series of (|^) does not vanish. That this is indeed so will be shown 
in section 6. 



1.4 We have restricted ourself to the case of split tori and split groups because this 
simplifies some technical details. The general case can be treated similarly. 

We consider these results as an important step towards an understanding of the arith- 
metic of spherical varieties. For example, choosing P = B a Borel subgroup, T = B/U 
where U is the unipotent radical of B and rj : B ^ T the natural projection, we obtain 
an equivariant compactification of U\G, a horospherical variety. 



(6) 



X] ^e(x, sif + ix)E${s\ - pp- ifi{x), {x o r]) ^) 
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We close this introduction with a brief description of the remaining sections. Section 
2 recalls the relevant facts we need concerning generalized flag varieties, i.e., description 
of line bundles on W = P\G, the cone of effective divisors in Pic(iy)R,, metrization of 
line bundles, height zeta functions. The exposition is based entirely on the paper 0. 

The next section contains the corresponding facts for toric varieties. It is a summary 
of a part of 0. We give the explicit calculation of the Fourier transform H-£{- ,ip) and 
show that Poisson's summation formula can be used to give an expression of the height 
zeta function s) . 

In section 4 we introduce twisted products, discuss line bundles on these, the Picard 
group (cf. (|I])), metrizations of line bundles etc. It ends with the formula for the 
height zeta function Zyo(£^ (g) 7i*C\, s) in the domain of absolute convergence. 

The first part of section 5 explains the method for the proof that the height zeta 
function can be continued meromorphically to a half-space beyond the abscissa of absolute 
convergence. Moreover, we state a theorem which gives a description of the coefficient 
of the Laurent series at the pole in question. This coefficient will be the leading one, 
provided that it does not vanish. One can relate the coefficient to arithmetic and geometric 
invariants of the pair ([/, £) but we decided not to pursue this, since there are detailed 
expositions of all the necessary arguments in |jl8|, ||, ||. 

These two theorems (meromorphic continuation of certain integrals and the description 
of the coefficient) will be proved in a more general context in section 7. The second part 
of section 5 contains the proof that the hypothesis of these theorems are fulfilled in our 
case. It ends with the main theorem on the asymptotic behavior of the counting function 
Nyo{C, H), assuming that the coefficient of the Laurent series mentioned above does not 
vanish. Section 6 is devoted to the proof of this fact. In the last section we prove some 
statements on Eisenstein series (well-known to the experts) which are used in section 5. 

Acknowledgements. We are very grateful to V. Batyrev and J. Franke for helpful 
discussions and collaboration on related questions. The first author was supported by the 
DFG-Graduiertenkolleg of the Mathematics Institute of the University of Bonn. Part of 
this work was done while the second author was visiting the MPI in Bonn, ETH Ziirich 
and ENS Paris. He would like to thank these institutions for their hospitality. 

Some notations. In this paper F always denotes a fixed algebraic number field. The 
set of places of F will be denoted by Val(F) and the subset of archimedean places by 
ValooiF). We shall write f | cxd if t> e Valoo(-F) and v | oo if f ^ Valoo(-F) • For any place 
z; of F we denote by Fy the completion of F at f and by Oy the ring of f-adic integers 
(for V \ oo). The local absolute value | ■ |„ on Fy is the multiplier of the Haar measure. 
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i.e., d{aXv) = \a\ydxv for some Haar measure dxy on Fy. Let be the cardinality of 
the residue field of for non-archimedean valuations and put g„ = e for archimedean 
valuations. We denote by A the adele ring of F. For any algebraic group G over F we 
denote by X*{G) the group of (algebraic) characters which are defined over F. 



2 Generalized flag varieties 



2.1 Let G be a semi-simple simply connected linear algebraic group which is defined 
and split over F. We fix a Borel subgroup Pq over F and a Levi decomposition Pq = SqUq 
with a maximal F-rational torus 5*0 of G. Denote by P a standard (i.e., containing 
Po) parabolic subgroup and hj W = P\G the corresponding flag variety. The quotient 
morphism G ^ W will be denoted by nw- Any character A G X*(P) defines a line bundle 
Lx on W by 

T{U,L,) := {/ G OoiTT^'m I f{pg) = Kpy'fig) \/g G n^\U),p G P}. 

The assignment X ^ L\ gives an isomorphism (because G is assumed to be simply 
connected) 

X*(P) Pic(iy) 

(cf. |^T|, Prop. 6.10). The anti-canonical line bundle uj^ corresponds to 2pp (the sum of 
roots of 5*0 occurring in the unipotent radical of P.) 



2.2 These line bundles will be metrized as follows. Choose a maximal compact subgroup 
Kg = I^G.t; C G(A) (Kg ,; C G{Fy)), such that the Iwasawa decomposition 

G(A)=Po(A)Kg 

holds. Let v G Val(P) and w G W{Fy). Choose k G Kg,w which is mapped to w by tcw- 
For any local section s of Lx at w we define 

:= \s{k)\y. 



8 



This gives a w-adic norm || ■ ||^ : w*L\ R and we see that the family || ■ ||„ : = 
(II ■ ||«))w)eH/(F„) is a w-adic metric on L\. The family (|| ■ ||t,)i,gVai(F) will then be an adehc 
metric on L\ (cf. |]T^ for X = 2pp and for the definitions of "f-adic metric" and 
"adelic metric"). The metrized line bundle {Lx, (|| ■ ||t,)i.) will be denoted by Cx- 



2.3 Define a map 

Hp = Hp^^^ : G{A) ^ Homc(X*(P)c, C) 

by {X,Hp{g)) = log(^JA(p^,)|^,) for g = pk with p = {p.,)^ G P(A),A; G Kg and 
A G X*{P). For w = nwil) G W{F) and 7 G G{F) a simple computation (gj) shows 
that 

The height zeta function 

Zw{Cx,s)= ^^.H"' 

is therefore an Eisenstein series 

E^{sX-pp,la)= E e<^^'^-W). 

'r&P{F)\G{F) 

To describe the domain of absolute convergence of this series we let Aq be the basis of 
positive roots of the root system ^{So,G) which is determined by Pq- For any a G Aq 
denote by a the corresponding coroot. For A G X*{P) = X*{So) we define (A, a) by 
(A o a){t) = t^-**'"^ and extend this linearly in A to X*(Po)c- Restriction of characters 
defines an inclusion X*(P) X*{Pq). Let 

A^ = { a G Ao I ( ■ , a) vanishes on X*{P) }, Ap = Aq - A^. 

Put 

X*(P)+ = {A G X*(P)r I (A, a) > for all a G Ap }. 
By [|n], Theoreme 3, the Eisenstein series 



e 



-t&P{F)\G(F) 

converges absolutely for Re(A) — pp in X*{P)^ and it can be meromorphically continued 
to X*(P)c (cf. [|16|, IV, 1.8). The closure of the image of X*(P)+ in Pic(Vr)R is the cone 
Acfr(W^) generated by the effective divisors on W (|]13|, II, 2.6). 
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3 Toric varieties 



3.1 Let T be a split algebraic torus of dimension d over F. We put M = X*{T) and 
= Hom(M, Z). Let S be a complete regular fan in Nn such that the corresponding 
smooth toric variety X = X^, is projective (cf. [0, |T^). The variety X is covered by affine 
open sets 

= Spec(F[Mna]), 
where a runs through S and a is the dual cone 

a = {m e Mr I n{m) > Vn G a }. 

Denote by PL{Tj) the group of E-piecewise linear integral functions on A^r,. By definition, 
a function Lp : A^r R belongs to PL{Tj) if and only if ^p{N) e Z and the restriction of 
^p to every cr G S is the restriction to a of a linear function on A^r. For Lp G PL{Tj) and 
every d-dimensional cone a G S there exists a unique m^p^a G M such that for all n G a 
we have 

Fixing for any cr G S a d- dimensional cone a' containing a we put 

To any (f G PLiT,) we associate an invertible sheaf on X as the subsheaf of rational 
functions on X generated over 11^ by -^^^^ considered as a rational function on X {L^ 
does not depend on the choice made above). The assignment cp ^ gives an exact 
sequence 

^ M ^ PL{^) Pic(X) ^ 

(cf. Corollary 2.5). 

Denote by 6' : X x T X the action of T on X and by pi : X x T —>■ X the 
projection onto the first factor. The induced T-action on the sheaf of rational functions 
restricts to any subsheaf L^, i.e., there is a canonical T-linearization 

dip '■ 0* Lp — > PiLp 

(cf. |jl5|, Ch. 1, § 3, for the notion of a T-linearization). In section four we will always 
consider not merely as a line bundle on X but as a T-linearized line bundle with this 
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T-linearization. In this sense PL{T,) is isomorphic to the group Pic (X) of isomorphism 
classes of T-linearized line bundles on X. 

Let El C be the set of primitive integral generators of the one- dimensional cones 
in E and put 

PL(S)+ := {ip e PL(S)r I ip{e) > for all e G Si}. 

It is well-known (cf. p| Prop. 1.2.11), that the cone of effective divisors Aefr(X) C 
Pic(X)R is the closure of the image of PL(T,)~^ under the projection PL(E)r — Pic(X)R. 
Further, the anti-canonical line bundle on X is isomorphic to L^p^, where ipT,{e) = 1 for 
all e e El (cf. §, Prop. 1.2.12). 



3.2 We shall introduce an adelic metric on the line bundle as follows. For cr G S 
and V G Val(F) define 

^a,v := {x e U^{F^) I \ni{x)\^ <1 VmGo-nM}. 

These subsets cover X{F^) and we put for x G K^-^t, and any local section s of at x 

11^ ^^11^' • I 5 (-^)^^(p,cr (^) It)* 

The family || ■ H^, = (|| ■ ||x)xex(F„) is then a f-adic metric on and C^p = {L^, (|| ■ \\v)v) 
is a metrization of L^. Let K^"^^ C T{F^) be the maximal compact subgroup. Assigning 
to a; G T{Fy) the map 

M ^ Z (resp. R if v\oo), 

\og{\m{x)\.a) 
m ^ : — — , 

(where is the order of the residue field of F„ for non-archimedean valuations and 
log(g„) = 1 for archimedean valuations) we get an isomorphism T[Fy)/'KT,v ^ N (resp. 
Nn if f|oo). We will denote by x the image of a; G T{Fy) in N (resp. Xr). For 
if G PL(S)c define 

H^A-^^) ■■ nF,)^c, 

The corresponding global function H-s{ ■ ,f) : T{A) C, 



Hs{x,ip) := ]^ifs,,;(a;t;,V^), 
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is well defined since for almost all v the local component belongs to 'i^T,v The functions 
Ht,,v{, ■ , ^ G PL{T,), are related to the ?;-adic metric on L^^ by the identity 

(7) Hj:^^(x, if) = \\x*s^\\^, {x e 

where e H^{T,L^) is the constant function 1. In particular, for every x e T{F) we 
have 

Hc^{x)^Hj:{x,ip)-\ 



3.3 Let Kr = K^,^ C T(A), and denote by 

At = (T(A)/T(F)Kt)* 

the group of unitary characters of T(A) which are trivial on the closed subgroup T[F)'Kt- 
For m e M we obtain characters x"^ defined by 

This gives an embedding Mr — > At- For any archimedean place v and x ^ -^t there 
is an = "t,^(x) ^ -^R such that Xv{xy) = g"'^"^"^") for all Xy e T{Fy). We get a 
homomorphism 

(8) At Mn,oo = e^ioo^R, 

X ^ rriooix) = {rny(x))v\oo- 

Define T'(A)^ to be the kernel of all maps T(A) — > R>o,a^ i— > |m(a;)|A, for m e M, and 
put 

ZYt = (r(A)Vr(F)Kr)*. 

The choice of a projection Gm(A) — > G^(A)-'^ induces by means of an isomorphism 
T Gf^ p a splitting of the exact sequence 

1 ^ T(A)i ^ T(A) ^ T(A)/T(A)^ ^ 1. 

This gives decompositions 

(9) AT = Mn® Ut 
and 
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where ^ is the minimal R-subspace of Mr^oo containing the image of Ut under the 
map (P). /^From now on we fix such a (non-canonical) splitting. By Dirichlet's unit 
theorem, the image of Ut — > 00^^^ lattice of maximal rank. Its kernel is isomorphic 
to the character group of Cl^, where Clp is the ideal class group of F. 

For finite v we let dxy be the Haar measure on T{Fy) giving Kt,i, the volume one. 
For archimedean v we take on T{Fy) /'K.t,v the pull-back of the Lebesgue measure on 
A^R (normalized by the lattice A^) and on K-r,!, the Haar measure with total mass one. 
The product measure gives an invariant measure dx^ on T{F^). On T(A) we get a Haar 
measure dx = dx^. 



3.4 We will denote by the unit circle. For a character x '■ T{F^) we define the 

Fourier transform of Hj]^^{ ■ ,(f) by 



Hj],v{x,v)= Hj^,^{x^,ip)x{x^)dxy. 
Jt{f^) 

If X is not trivial on Kj^,, then H^^^^x^ V^) = (assuming the convergence of the integral). 
We will show that these integrals do exists if Iie{(p) is in PL(S)"'". 

Let V be an archimedean place of F. Any d-dimensional cone a G S is simplicial (since 
S is regular) and it is generated by the set aflEi. Let x be unramified, i.e., x{^) = e~*^*^™) 
with some m G Mr,. Then we get 

(10) H^AX,^)= E / e-^^^'^^-^^-^'-^^rfn = U ( ^l- ( V 

Jrr u)(e) + ie(m) 

To give the result for finite places we define rational functions R^j in variables Mg, 6 G S]^, 
for any cr G S by 

R.{{Ue)e)= n r 



Up 
_ — 

eSo-nSi 



and put 



eeSi 
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Although elementary, it is a very important observation that the polynomial — 1 is a 
sum of monomials of degree not less than two (cf. 0, Prop. 2.2.3). 

Let X be an unramified unitary character of T{Fy) and let Re((/9) be in PL(E)+. Then 
we can calculate 

(11) H^AX,¥>)= I i/E,.(x.,^)x(x.)rfx. = 5^e-^(")'°s(..)^(^) 

= E E ?.""^"^xH = 5^i?.((x(e)g.-^(^))e) 

= Q^{{x{e)q-^^%) n (l-x(e)g.-^(^))"'. 

eeSi 

(Here we denoted by a° the relative interior of the cone a.) 

Any e G El induces a homomorphism F[M] — ^ -^[Z] and hence a morphism of tori 
Gm — > T. For any character x ^ we denote by Xe the Hecke character 

G„(A) T(A) ^ 

thus obtained. The finite part of the Hecke L-function with character Xe is by definition 

Lf{Xe,s) = Ylil-XeMqT' 

v\oD 

and this product converges for Re(s) > 1 (here tt^ denotes a local uniformizing element). 
By ( p!OD and (|Tl|) we know that the global Fourier transform 



Hj:{x,v) = 




Hj:{x, ip)x{x)dx 



exists (i.e., the integral on the right converges absolutely) if Re{ip) is contained in ip-^ + 
PL(E)"'", because 

n^^((x.(e)g;"^^))e) 

is an absolutely convergent Euler product for Re{(p{e)) > 1/2 (for all e G Si) and hence is 
bounded for lie^ip) in any compact subset in ^{pj] + PL(T,)^ (by some constant depending 
only on this subset). 



14 



Proposition 3.4 The series 

x€T{F) 

converges absolutely and uniformly for {Re{ip),t) contained in any compact subset o/(v5s + 
PL(S)+) X T(A). 

Proof. Let K be a compact subset of ip^ + PL(S)+ and let C T{Fy) (for every 
V G Val(F)) be a compact subset, equal to Kt„ for almost all v. Since any Lp G PL(S)c 
is a continuous piecewise linear function (with respect to a finite subdivision of A^r, into 
simplicial cones) there exists a constant > 1 (depending on K and C^) such that for 
all (f with Re{(f) G K, x^, G T{F^) and t^ G Cy we have 



< 



Hj:^y{xvty,Re{(p)) 
Ht.,v{xv, Re(v9)) 



< Cy. 



If C„ = K.T,v we may assume = 1. Put c = H^c^- with Re{ip) G K and 

t E C := Yly Cv we can estimate 



^ H^{xt,(p) 

x€T{F) 



<c J2 Hj:{x,Re{^)). 

xGT(F) 



Let 5* be a finite set of places containing Valoo(P) and let Uy C T{Fy) be a relatively 
compact open subset of T{F^) for each v & S, such that for all Xi 7^ X2 G r(F) 

Xif/nxat/ = 0, 

where U = Y[ves^^Y\.v^s'^T,v By the preceding argument, there exists a c' > such 
that for all (y9 G K, X G T{F) and u E U 



Therefore, 



Ht,{x,(p) < c'Hj:{xu,(p). 



^r.^ vol(?7) ^^,Ju 



u 



x£T{F) 



x&T{F) ■ 



<—^7T7z[ H^ix,ip)dx < 00 

V0l(f/) ir(A) 



IT{A) 

by the discussion above. From the explicit expression for the integral (cf. (|l^)) we derive 
the uniform convergence in on K. □ 
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3.5 The aim is to apply Poisson's summation formula to the height zeta function. It 
remains to show that H{ ■ ,ip) is absolutely integrable over At- For x ^ -^t and Re(v?) 
contained in + PL(E)+ we put 

■u|oo i;foo 



Lemma 3.5 Let K. be a compact subset of PL{Y?)c such that for a// (y9 G K and e G Si 



Re(</^(e)) > -. 

Then there is a constant c = c(K) such that for a// 93 G K, x G At and m G Mr we have 



\Ux,^ + ^m)\<c\{\ J2 n (T 

v\qo Kdinia=d eSo-nSi 



+ |e(m + m^(x))|)^+^/'^ 



Proof. For K as above there exists a c' > such that for all x ^ -^t and m G Mr one 



has 



for all <y9 G K (see the argument before Proposition 3.4. By 0, Prop. 2.3.2, for all f | 00 
there is a constant Cy such that for all (y9 G K, x G and m G Mr 



|^s,^,(x^,,V5 + ^^T^)| < ^ n Ti" 



Putting c = c' n?;|oo "^^ S^^ result. 

For Re(v9) contained in ipj: + PL(S)+ we can write 

(12) ^e(x, V^) = Cs(x, V^) n ^/(^- ^(^)) 

egSi 



+ |e(m + m4x))l)^+^/'^' 



□ 
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By the preceding lemma, we see that i^s (■,</)) is absolutely integrable over At- For 
t e T(A) we have 

Jt(Af) 

Hence we can apply Poisson's summation formula (together with @) and obtain 



(13) Hj:{xt,^)=fiT I \ J2 Mx,V + ^m){xx"'{t))-'Um, 

x&{F) UgWt J 

where the Lebesgue measure dm on Mr is normalized by M and 

1 cli? ■ Ri? 

(ZTTKj'^ Wf 

with cliT' the class number, Hp the regulator and the number of roots of unity in F. 
Note that Hy.{x ■ X^,'^) = Hy,{x^ '-p + im). 



3.6 In section 5 we need uniform estimates for L-functions in a neighborhood of the line 
Re(s) = 1. For any unramified character x '■ Gm(A)/Gm,(-^) — ^ 5'^ and any archimedean 
place V there exists a r^, G R such that Xvi^v) = l^vYv" fc>^ G Gm{.F^)- We put 



Xc 



r^Uoo e rV-i-(^) and 



max I Ty 

i'|oo 



We will use the following theorem of Rademacher ([IS], Theorems 4,5), which rests on 
the Phragmen-Lindelof principle. 

Theorem 3.6 For any e > there exists a 5 > and a constant c(e) > such that 
for all s with Re(s) > 1 — 5 and all unramified Hecke characters which are non-trivial on 
Gmi-^y one has 

(14) |L^(x,s)|<c(e)(l + |Im(s)| + ||xoo||)^ 

For the trivial character x = 1 one has 



(15) 



Lf{l,s)\<c{ 



l + s 



;i + |Im(s)|)^ 
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4 Twisted products 



4.1 Let G,P,W = P\G etc. be as in section 2 and T, S, X = etc. be as in section 
3. Let rj : P ^ T be a homomorphism. Then P acts from the right on X x G by 

{x,g) ■p:= {xri{p),p'^g). 

Since Tiw '■ G ^ W is locally trivial, the quotient 

Y = X G := {X X G)/P 

exists as a variety over F . Moreover, the projection X x G ^ G induces a morphism 
7T : Y ^ W and Y becomes a locally trivial fiber bundle over W with fiber X (compare 
1.5.16). Hence, by the properties of X (non-singular, projective), we see that F is a 



non-singular projective variety over F ("projectivity" requires a short argument, cf. [p3l ). 
The quotient morphism X x G ^ Y will be denoted by vry. Let (p G PL{Tj) and let 
L^p be the invertible sheaf on X defined in section 3.1. Denote by 'L^p the corresponding 



Ga-bundle over X, i.e., "L^ = V(L|^) = V(L„<^) (with the notation of [|TT|, II, Exercise 
5.18). The canonical T-linearization 

induces an action L;^ x T — * of T on L<^ which is compatible with the action of T on 
X. The twisted product L^p x^ G will then be a Ga-bundle over Y and we define to 
be the sheaf of local sections of X''^ G over Y. Note that (and even its isomorphism 
class in Pic(y)) depends on the fixed T-linearization 6^^. In fact, for (f G PL(Tj) and 
m & M we have 

^ip+m — ® 1T*LmoiT 

Embedding M in PL{T?) ©X*(P) by m i-^ (m, —mor]) we see that M is contained in the 
kernel of the homomorphism 

iIj : PL(S) X X*(P) ^ Pic(F), 

{(f, A) ^— > isomorphism class of ® t^*Lx- 
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4.2 In the following proposition we collect all relevant facts about the geometry of 
twisted products which we will need in the sequel. 

Proposition 4.2 a) The sequence 

^ M ^ PL{^) © X*(P) Pic(r) ^ 

is exact. 

b) The cone of effective divisors Acs{Y) C Pic(y)R is the image of the closure of 

PL(S)+ X X*(P)+ C PL(S)r © X*(P)r. 

c) The anti- canonical line bundle Uy is isomorphic to L^^ © TT*L2pp. 
Proof, a) By Proposition 6.10, there is an exact sequence 

F[X X G]*/F* X*{P) Pic(F) ^ Pic(X x G). 

Denote by vr^ : X x G ^ X the canonical projection. Let L be an invertible sheaf on 
Y . Then 

(for some ^ E PL{E)) because Pic(X x G) = Pic(X) ©Pic(G) = Pic(X) (cf. 0, Lemme 
6.6 (i) and Lemme 6.9 (iv)). Note that ttyL"^ — t^xL^, so that 

is trivial. Hence there exists a character A of P such that L © is isomorphic to 
Tr*Lx (the map X*(P) Pic(F) factorizes X*(P) ^ Fic{W) Pic(y)). This shows 
surjectivity. 

Suppose now that for ip G PL(T,) and A G X*(P) the sheaf ®t[*Lx is trivial on Y . 
Then 7r^(Lj © tt^La) ^ TT^iv^ is trivial on X x G, therefore ~ Ox, (p = m E M and 
© 7r*LA = n*Lx+mo'q- By Rosenhcht's theorem, 

P[X X G]*/F* = F[X]*/F* © F[G]*/F* = X*{G) = 0, 

therefore, the map X*(P) ^ Pic(y) is injective, hence A + m o r/ = and (</?, A) is in the 
image of M ^ PH^) © X*{P). 
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b) For if G PL{T?) denote by the set of all m G M such that for all n G A^r 

'^{n) + n(m) > 0. 

By [0, Lemma 2.3, D,^ is a basis for H^{X,L^) (note the different sign conventions). It 
is easy to see that 

Suppose ® T^*Lx has a non-zero global section. Then 

has a non-zero global section, hence (cf. section 2.3) there is a m' G such that —m'orj+X 
is contained in the closure of X*(P)+. Putting A' = —m' o rj + X, (p' = ip + m' we have 
Lj, (g) 7r*LA' ^ ® vr*LA and A') is contained in the closure of PL{T)+ x X*(P)+. 

On the other hand, if A) G P-L(S) ©X*(P) is contained in the closure of PL(S)+ x 
X*{P)^ then the trivial character corresponds to a global section of L^p. Hence 

mGn^-{0} 

and i7°(VF, La) ^ {0}, i.e., (g) 7r*LA has a non-zero global section. 

c) Note first that the exact sequence 

splits, and therefore ojy — {h.'^'^.y/w) ® t!'*ujw Since uw — L_2p it remains to show that 
{A'^fly/wy — L^j,. Let JIy/w be the ideal sheaf of the image of the diagonal morphism 

^Y/W '■ 

Y XwY. 

But YxwY is canonically isomorphic to (XxX) x^G and Ay/w{Y) is just Ax{X)x^G. 
Hence we see that {Jy jw I Jy jy/f is the sheaf of local sections of 

where Jx is the ideal sheaf of Ax(-'f) C X x X. Pulling back to Y and taking the (i-th 
exterior power we get 

The canonical T-linearization of lox (induced by the action of T on rational functions) 
corresponds to the T-linearization Q^^^ of L_^j, ^ ujx-, i.e., 

L^^ x^G~ V(a;x) x^G 
and we get L^^ ~ (A'^^]y/^^)v. □ 
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4.3 We are going to introduce an adelic metric on tlie sheaves L^. A section of over 
an open subset U gY can be identified with a P-equivariant morphism s : 7ry^(f/) — > 
over X, i.e., 

s{xr]{p),p'^g) = s{x,g) ■ r]{p). 

Let f be a place of F and let y G Y{F^) be the image of {x, k) G X{Fy) x G{Fy) with 
k G Kg,,. Let s : 7ry^([/) — > be a local section of over U dY with ?/ G U{Fy). 
Define 

II ■ II. : ^ R 

by 

= ll-s ° (a;, A;)|U- 

Then || -H,, = (|| -jDyeyCF^) is a f-adic metric on and £^ = (L^, (|| ■ Hi,)?,) is a metrization 
ofL^ (cf. 12§). Let 

Y° = T G ^ X G = Y 
be the twisted product of T with ly. Over Y" there is a canonical section of L^, namely 

si : 7r-i(F°) = T X G ^ L^, 

s^(x, (?) = s^{x), where G H'^(T,L^) corresponds to the constant function 1. Let 
y = T^wi^, g) £ ^(-^1)) where g = pk with p G P{F.o) and G Kg,?;. Then 

l|y*4llj/ = hi o (a;?/(p),/c)IU-^(p) 

= ||(xr7(p))*s^|U,(p) = e-^ra^i^s^"") 

(by (0)). Globally, for ?/ G Y°{F), y = vry (x, 7), x G T{F),-f G ^(F), 7 = p^fc^ and p^, k^ 
as above, in P(A),Kg, respectively, we get 

(16) Hcr{y) = n KslWy! = H^ixvip,), -^). 



4.4 Let ^ : P(A)/P(F) S*^ be an unramified character, i.e., ^ is trivial on P( A) flKc. 
Using the Iwasawa decomposition we get a well defined function 

05 : G(A) ^ 
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Ma) = ^{p), 

if g = pk as above. We denote by 

7GP(F)\G(F) 

the corresponding Eisenstein series and we put Ep{\,C,) = £'p(A,^,1g)- This series 
converges absolutely for Re(A) contained in the cone pp + X*{P)~^ (cf. (2.3)). A character 
X G At induces a character = x°V '■ -P(A)/P(-F) — > S^. We denote by fj : X*(T)r — > 
X*{P)ii the map on characters induced by rj. 

Proposition 4.4 Let L be a line bundle on Y such that its class is contained in the 
interior of the cone AcsiY). Let {ip, A) be in PL{T)^ x X*(P)+ with ipii^, A) = [L]. There 
is a metrization C of L such that for all s with Re(s)(y9, A) G {fs, 2pp)+PL(S)+ xX*(P)+ 
the series 

Zyo{c,s)= J2 Hdy)-' 

y£Y°{F) 

converges absolutely. Moreover, for these s 

Zyo{C,s) = fix / < Y Hj:{x,s<^ + im)E'^{s\- pp-i7i{m),x~^)\dm, 
■^^'^ Vxeur J 

where the sum and integral on the right converge absolutely too. 

Proof. Let A') G PL(S)©X*(P) such that there is an isomorphism L ~ L^,®'n*Lx'. 
Denote by £, the metrization of L which is the pullback of C^,®tx*Cxi via this isomorphism. 
Let m G Mr such that 

A) = {ip' + m, -i){m) + A') 

is contained in PL(E)"'" x X*(P)+. By (pj]), we have for any y G Y°{F),y = 7ry(x, 7) 
with X G T{F), 7 G G(P) and 7 = p^/c^ 

^ay) = HcY^n^cM = e-<^' ^-W>i/s(xr^(p,), -y^') 
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We consider s = u + iv E C such that u- (p is contained in the shifted cone ipj] + PL{I]) 
and u ■ X is contained in the cone 2pp + X*{P)~^. Then 

converges by Proposition 3.4 and is equal to 

(cf. ([T3|)). Moreover, Hj]{ ■ ,uip) is absolutely convergent on At and therefore 



dm 



is bounded by some constant c (which is independent of ri{p^)). Thus we may calculate 



E 



,(«A,Hp(7)> 



-f€P{F)\G{F) 



E 



xeT{F) 



,{u\,Hp{-y)) 



J€P{F)\G{F) 



This shows the first assertion. Since 



/ Iy,\Hj:{xx"',u^)\ 



converges, we can interchange the summation and integration and get 



Zyo{C,s)= ^ 



,(sA,i/p(7)) 



l(iP{F)\G{F) 



-"^/^ I E Mxx'^.Sip){xxn-\v{P'y))\dm 



□ 
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5 Meromorphic continuation 



5.1 The proposition in section 4.4 gives an expression of the height zeta function (for 
the open subset Y° G Y ) which we will use to determine the asymptotic behavior of the 
counting function Nyo{C,H) (cf. sec. p by applying a Tauberian theorem. 

The first thing to do is to show that ZyiC, s) can be continued meromorphically to a 
half-space beyond the abscissa of convergence and that there is no pole on this line with 
non-zero imaginary part. Then it remains to prove that this abscissa is at Re(s) = a{L) 
and to determine the order of the pole in s = a{L). We will see that this order is b{L). 

The method which we will explain now consists in an iterated application of Cauchy's 
residue theorem. The proofs will be given in section 7. 



5.2 Let E he a finite dimensional vector space over R and Ec its complexification. Let 
V C E he a subspace and let h, ...Jm & E"^ = Homn^E, R) be linearly independent linear 
forms. Put Hj = Ker(/j) for j = 1, ...,m. 

Let B (Z E he an open and convex neighborhood of such that for all x G -B and 
j = 1, m we have lj{x) > —1. Let Tb = B + iE G Ec be the tube domain over B and 
denote by A4(Tb) the set of meromorphic functions on Tg. We consider meromorphic 
functions / G M.{Tb) with the following properties: The function 

is holomorphic in Tb and there is a sufficient function c : V ^ R>o such that for all 
compacts K G Tb, all 2; G K and all f G we have the estimate 

\g{z + w)\ < k{K)c{v). 

(Cf. section 7.3 for a precise definition of a sufficient function. In particular, such a 
sufficient function is absolutely integrable over any subspace U G V.) In this case we call 
/ distinguished with respect to the data (V; h, Im)- 

Let C be a connected component oi B — Vf^^^Hj. By the conditions on g the integral 

fc{z) := f{z + iv)dv 
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{u = dim V and dv is a fixed Lebesgue measure on V) converges for every z &Tc and fc 
is a liolomorpliic function on Tc- 

Theorem 5.2 There is an open neighborhood B containing C, and linear forms h, ...,lrh 
which vanish on V such that 

m 

J=l 

has a holomorphic continuation to Tg. Moreover, for all j e {1, ...,m} we have Ker(Zj) fl 
C = 0. 

We shall give the proof of this theorem in sections 7.3 and 7.4. 



5.3 Put E(°^ = n^iKer(Zj) and Eq = E/E^°\ Let ttq : E ^ Eq he the canonical 
projection and suppose V fl E^^^ — {0}. Let 

E^ = {x e Eo\ lj{x) > for all j = 1, m} 

and let ipo : Eq ^ P :— Eq /7ro{V) be the canonical projection. We want to assume that 
7^o{V) n Eq — {0}, so that A := i/jo(E^) is a strictly convex polyhedral cone. Let dy be 
the Lebesgue measure on Eq normalized by the lattice ©JiiZ/j. Let A C V he d. lattice 
and let dv he the measure on V normalized by A. On V"^ we have the Lebesgue measure 
dy' normalized by and a section of the projection Eq — > gives a measure dy" on 
with dy = dy'dy". 

Define the A'-function of the cone A by 

M^) = f e-y"^^^dy" 

for all X e Pc with Re(a;) contained in the interior of A (cf. section 7.1). 

Let B C E he as above and let / e A4{Tb) he a distinguished function with respect 
to {V;h,...,lm). Put 

j=i ' 

S+ = S n {x G E I l^{x) > 0, for aU j = 1, ...,m}, 
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/b+ {z) = f{z + iv)dv 



(for z e Tg). The function /b+ : Tb+ — > C is holomorphic and has a meromorphic 
continuation to a neighborhood of e Eq- In section 7.5 we will prove the following 
theorem. 

Theorem 5.3 For Xq e we have 

hms— Vs+(sxo) = y(0)A'A(V'oK)). 



5.4 In this section we make some preparations in order to apply the general setting of 
5.2. Let L be a line bundle on Y such that its class in Pic(y) lies in the interior of Aefr(y). 
By the definition of a{L) (cf. section 1 and Proposition 4.2), 

a(L)[L] -V(<^s,2pp) e A(L) 

where A(L) is the minimal face of Aefr(F) containing a{L)[L] — 'ijj{(p-£,2pp). Define (pe G 
PL(E) (for e e Ei) by (^e(e') = See', for all e' e Ei and put 

E; := {eeEi|V(¥^e,0) e A(L)}. 

Let P' C G be the standard parabolic subgroup with 

Ap, = {a e Ap I ^{0,wa) e A(L)}, 

where {zUa, = S^p for all a, P E Aq. Let 

(</7l, Al) e ( R>o</7e) X ( ^ R>0Wa) 

such that ij{^L: Al) = a(L)[L] — ip{(pT.-, '^Pp)- Then 

a(L) 

26 



is mapped onto [L] by ip. Denote by 
(17) hL{^,\):= n 

and put 



T n 

aGAp-Ap/ 



(A, a) + 1 



(p = + + and \ = \ + pp + \l. 



(Yiom. now on we will denote by Kg- C G'(A) the maximal compact subgroup defined in 
section 8.2. 

Lemma 5.4 There exists a convex open neighborhood B ofO in PL(S)r.©X*(P)r. with 
the following property: For any compact subset K C there is a constant c = c(K) > 
such that for all A) G K, x G Ut and m G Mr we have 

Hj:{x, ^ + im)E$(X - ii){m), X^^)hL{^ + im, \ - ii){m)) 



v\oo \diraa=d eScrnSi 



(m + m^(x))|)i+i/2d 



Proof. Write as in (^) 

Ht,{.X^ (p + im) = Cs(x, V + im) JJ ^/(Xe, 1 + + + im){e)). 



For Re((y9) sufficiently small and e G T^'^ we have 



Re((^(e)) + (^L(e) > -<^L(e) > 0. 



Hence 



n ^/(^e, 1 + (y? + + im)(e)) 

is bounded for Re(v9) sufficiently small. If e G Si — S'^ then v^lIc) = 0. By the estimates 
of Rademacher (cf. Theorem 3.6), we have for Xe 7^ 1 



|L/(xe, 1 + + im){e))\ < Ce(l + |m(e)| + ||(xe)c 
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for Re(v9(e)) > —S and (/? in a compact set {6 depends on e, depends on this compact 
subset). If Xe = 1 (abusing notations we will denote from now on the trivial character 
by 1) then 

(J^±MW_ 1 + (^ + .,„,(e,)| < .,(1 + 

Now we use Proposition 8.7 concerning estimates for Eisenstein series. This proposition 
tells us that there is for given e > an open neighborhood of in X*{P)n such that for 
Re(A) contained in this neighborhood 



n {X + XL-iv{m),a/ a~ , 
— — — — - — ^—hp[^\-i'q[m),Xn > 



<Ci(l+||Im(A)+r/(m)|| + ||(x,-^)c 



(For the definition of (• • ■)^ and the norms see section 8.5.) If we let A vary in a compact 
subset in the tube domain over this neighborhood then there is a constant C2 > Ci such 
that 

ci(l + ||Im(A) + f,{m)\\ + ||(x.-^)oo||)^ < c,{l + ||,7(m)|| + ||(x.-^)oo||)^ 
For Re(A) sufficiently small and a e Ap/ we have 

(Re(A) + Al, a) > ^(Al,q;) > 0. 
Therefore, there are 03,04 > such that for all such A and m G Mr we have 



C3< 



n 



(A + Al - if]{m), a) 



aGA 



p> 



(A + Ai - ifj{m), a) + 1 



< C4 



Putting everything together, we can conclude that there is a neighborhood S of in 
PL(S)r © X*(P)r such that for {ip, A) in a compact subset K of the tube domain over 
B we have 

llLAXeA + {^ + ^L + ^m){e)) J] 



X 



EXX-ifi{m),x-') n 



(A — ifj{m), a) 



aeAp-Ap, 



(A — ifj{m), a) + 1 



<c'(K)(l+||m + moo(x)ll)^ 
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where || • || is a norm on Mr^oo- On the other hand, by Lemma 3.5, we have 

1 



|CI:(x,^ + ^m)|<c"(K)^| E 11 (T 

v\oo \dima=d eGcrnSi 



■Ac 

Now we may choose e and C5 such that 



+ |e(m + m^(x))|)^+^/'^ 



(l + ||m + moo(x)ll)'<C5n n (l + |e(m + m,(x))|)'/"' 

v\oo ee<T„nSi 

for any system ((7^)^|oo of d-dimensional cones. This gives the claimed estimate. □ 



5.5 To begin with, we let 

:= {m e Mr I e(m) = Ve e Ei - E'^ and (?7(m), a) = Va e Ap - Ap/}, 

M' = n M. 

Then = M'(g)R and M" = M/M' is torsion free. Put d' = rank(M'), d" = rank(M"). 
The connection with sections 5.2 and 5.3 is as follows: 

E^{PL{E)n(BX*{P)n)/M^, 

V ^ M" ®R,A^ M", V = d\ 
the set of linear forms h, ...,lrn is given as follows 

(18) {if, X) + M^^ (^(e), e e El - E^, 

(19) ((^,A) + M^^ ^ (A,a),a e Ap - Ap/ 

The measure dv = dm" on V = is normalized by M", dm = dm' dm", where dm 
(resp. dm') is the Lebesgue measure on Mr (resp. M^) normalized by M (resp. M'). 

Fix a convex open neighborhood of in PL(E)r © X*(P)r for which Lemma 5.4 is 
valid. Denote by B the image of this neighborhood in E. This is an open and convex 
neighborhood of 0. Using Lemma 5.4 we see that 

g{(p, X)^ I A_ J Hj:{x, <f + im')E${\ - ifi{m'),x~^)hL{(p, A) i dm' 
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is a holomorphic function on Tb (here ^t' = 1/ {2ttk,Y'). (We use the invariance of g under 
iM^ and Cauchy-Riemann differential equations to check that g is actually a function on 
Tb-) Hence, 

/(V', A) := g{ip,X)hL{(p,X)~^ 

is a meromorphic function on Tg. 

Let be the common kernel of all maps (|18|, |19|). Note that there is an exact 
sequence 

0^ M^^ ^ (A(L)) ^ 

which implies 

(20) b{L) = codim A(L) = m - d", 

where m = #(Si - S;) + #(Ap - Ap/). 

By construction, M^CiE^^^ = {0}. Let dy be the Lebesgue measure on Eq normalized 
by the lattice generated by the hnear forms ( |l8t [l^) . Denote by Eq the closed simplicial 
cone in Eq defined by these linear forms, and by ttq : E ^ Eq the canonical projection. 
It is easily seen that tiq{M^ Pi Eq = {0} (using the exact sequence above). Let 

i^o: Eo^P:= Eo/MM^) 
be the canonical projection and put 

A = MK), 

= Bn {{ip, \) eE\ ip{e) > Ve G Si - E;, (A, a) > Va G Ap - Ap,}. 
By the following theorem the function / G M.{Tb) is distinguished with respect to 



and the set of linear forms (|T8|,|T9]). Therefore, we can define /p+ : Tb+ ^ C by 



fB+{z) = j „ + ~^("^"))) 

Theorem 5.5 a) f is a distinguished function with respect to and the set of linear 
forms (0, |1^). 



b) There exist an open neighborhood B of containing B^ and linear forms li, ...,lm 



which vanish on such that 



fB.iz)lll,iz) 
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has a holomorphic continuation to Tg and g{0) 7^ 0. 
Proof, a) Define Cq : Mr 00 R->o by 

co(K).) = n{ E , II (i + |eK)|)m/2. >- 



Let C Mr^^ be the cube spanned by a basis of the image of Ut in M^^^. Let c' > 
such that for all rriooix) ^ ^Roo (x ^ ^t) and all rn} & 

Co{m^{x)) < c'coiniocix) +m^)- 

Let dm^ be the Lebesgue measure on ^ normalized by the image of Ut- Then for 
m e Mr 

/ < Co(moo(x) + m' + m) > dm' < c{m mod Mr), 
where c : M;|^ — > R>o is defined by 



c(m ) := cl^c' / / Co{m' + rri^ + m )dm}dm' 



By Lemma 5.4, for any compact subset K of Tb there is a c(K) > such that 

\g{z + im")| < c{m") 

for all 2; G K and m" G Mr. Obviously, c can be integrated over any subspace U of Mr. 
It remains to show that for any m" G M^ — U one has 



lim / c{Tm" + u)du = 0. 

r^ztoo J,j 



This exercise will be left to the reader. 

b) The first part concerning the meromorphic continuation and singularities of /b+ is 
the content of Theorem 5.2. The relation 

is satisfied by Theorem 5.3 and (^). It will be shown in Section 6 that g{0) 7^ 0. □ 
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5.6 The main theorem of our paper is: 

Theorem 5.6 Let L be a line bundle on Y which lies in the interior of the cone of 
effective divisors. Then there exists a metrization C of L with the following properties: 

a) The height zeta function 

is holomorphic for Re(s) > a{L) and it can be continued meromorphically to a half-space 
Re(s) > a(L) — 5 for some 5 > 0. In this half-space it has a pole of order b{L) at a{L) 
and no other poles. 

b) For the counting function one has the following asymptotic relation 

Nyo{C,H) = c(£)i/"(^)(logii')''(^)-^(l + o(l)) 

for if — > oo with some constant c{jC) > 0. 

Proof, a) By construction, L = ■^^^{(p'E+(pL, SAp + A^,) is mapped onto [L] by ijj. Hence 
Zyo{C,s) converges absolutely for Re(s) > a{L), where C is the metrization mentioned 
in Proposition 4.4. By the same proposition, 



Zyo{jC, s + a{L)) ^ iiT /l(x, im)}dm 



where 

fL{x,irn) := 

s s 
He{X: -7T\{^^ + ^l) + V'e + V'l + im)E^{——{2pp + Al) + Pp + Xl - if}{m),x^^) 
a[L) a[L) ' 

for all s with Re(s) > 0. However, this is just 

-ip j^^^ f (sL + t{m", -fi{m"))) dm" = fB+{sL) 

R. 

with /, and /s+ introduced in the preceding section. By Theorem 5.5, /s+ extends to a 
meromorphic function on a tube domain over a neighborhood of and in this tube domain 
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the only singularities are the hyperplanes defined over R. Hence there is a 5 > such 
that Zyo(£, s + a{L)) extends to a meromorphic function in the half-space Re(s) > —6 
and the only possible pole is in s = and its order is exactly b{L) (Theorems 5.3 and 
5.5). 

b) This result follows from a Tauberian theorem (cf. [§, Theoreme III or p2|, Problem 



14.1 (in the constant stated there the factor ^ is missing)). □ 

6 Non-vanishing of asymptotic constants 



6.1 This section is devoted to the proof of the non- vanishing of ^'(0) claimed in Theorem 
5.5. All notations are as in sections 5.2-5.5. The function g{ip, A) which has been defined 
in 5.5 is given by 



K 



- j \ ^Hj:{x.^ + im')E${\-ifi{m'),x~,')hL{vA)\dm, 



where A have been defined in 5.4. The function hilip, A) was defined in 5.4: 

n ^ n 7#4t- 

, 09(e) + 1 /-"-^ (A,a) + 1 

The uniform convergency of the integral above in any compact subset of (cf. Lemma 
5.4) allows us to compute the hmit 

lim Y[ ^(e) Y[ {X,a)H^{x,'f + tm')E'f(\-tfi{m'),x;,') 

first and then to integrate. We shall show that this limit vanishes if there are e G Si — J][ 
with Xe 7^ 1 or a G Ap — Ap/ with o a 7^ 1. Therefore, we may consider only x 
where 

:= {X e Wt IXe = 1 Ve G Si - S;, Xr, oa = IV a G Ap - Ap/}. 

Let rj' : P' ^ T be the uniquely defined homomorphism such that for all a G Ap' we 
have rj' o a = rj o a. 
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Lemma 6.1 

(21) ^(0)= lim ^^^^ n ^(e)-^-— / {E^^(^'^ + ^^') 

xEf, {Xl + Pp' - ii7'(m'), (x^O^^) 

(cf. 8.4 for the definition of cp> and Cp). 
Proof Recall that (cf. (||)) 

Hj^ix, V + ^"i') = Cs(x, <^ + 'i'm') W Lf{xe, 1 + ^(e) + (fiie) + ie{m')) 

eeSi 

and that Ce(X; <^+im') is regular for (yj in a tube domain over a neighborhood of (Lemma 
3.5). For e G S'^ we have > 0, hence we see that the function 

LfiXe, 1 + V5(e) + v5L(e) + ie{m)) 

is holomorphic for Iie{(f) in a neighborhood of 0. Let e G Si — S'^^. If Xe 7^ 1 then the 
restriction of Xe to Gm(A)^ is non-trivial (by our construction of the embedding Ut — > At, 
cf. 3.3), hence 

^ ^ ^/(Xe,l + ¥^(6)) 

is an entire function and ip{e)Lf{xe, 1 + V'(e)) tends to as (y9 ^ 0. 

For a G Ap/ we have (AL,a) > 0, hence is contained in X*{P')~^. Let a G 
Ap — Ap'. If o d ^ 1 then Xv ° restricted to Gm(A)^ is non-trivial and therefore 

JJ (A,a)E^(A + pp + Ai-^i7(m'),x;;') 

vanishes as A ^ (cf. Proposition 8.3). We have shown that it suffices to take the sum 
over all x ^ ^r- To complete the proof, note that for % G we have (cf. Proposition 
(8.4)) 

lim n - ^^(^'), X-') = {Xl + pp, - ^r)'(m'), (x^)"') • 

□ 
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6.2 By the absolute and uniform convergence of 



/ \ ^ H^ix, ^ + im') Yl vie) \ dm 



(cf. Lemma 3.5 and Theorem 3.6) and the convergence of 

^ ^{\L+2pp,,Hp,(-i)) 
-teP'{F)\G{F) 

we may change summation and integration in (21) and get for all ip G PL(T,) 



'(F)\G(F) -^^'k ..c;/ 



Cpi 

^&P'{F)\G{F) ^'"^x&U^ 

where 7 = p'^k^ as above. Let / be the image of the homomorphism 

n G^(A)x H G^(A)^T(A) 

induced by M Z^^^^'i © z^p-^p' , 

m ((e(m))egE^„E. , ((-m o r], a))aGAp-Ap,)) • 

Then M^®U^ is precisely the set of characters T{A) which are trivial on T(F)Kj'J. 

Put T' = Spec(F[M']) and T" = Spec(F[M"]). Then there is an exact sequence 

1 ^ T" ^ T ^ r ^ 1. 

Note that / C T"(A). Denote by K^/ (resp. Kj^/) the maximal compact subgroup of 
T'(A) (resp. of T"(A)). The linear forms 

m (-^ e(m), e G Si — T,[, 
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m —{m o r],a), aeAp — Ap/, 

when considered as functions on M", generate a sublattice of finite index in A^" = 
Hom(M", Z). This shows that there is a g > such that the image of the q-th power 
homomorphism T"(A) — > T"(A), 1 1— > t^, is contained in /. If v is any archimedean place 
of F the connected component of one in T"(Fy) is therefore contained in I. Consequently, 

T"{F) 1[t"{F,)1[Kt',, C T"{F)Kt'' ■ I 

v\oo v\oo 

and the left hand side is of finite index in T"'(A). Put 

= {X e I X = 1 on T{F)KtT"{A)}. 

We observe that 

A'j, ~ At' = (T'(A)/T'(F)KtO* cM^®U^ 

We denote by 

and by l the order of T. Put Ut' —Ut(^ A!^ (then A!^ — © Ut')- Thus we may write 
/ \ Mx, (P + irn'){x'^' x)-\r^{p'^)) \ dm' 

= E / I E ^I:(X'X"^'X><^)(X'X"^'X)-'(V(P;)) i dm' 
For X £ -^R ® ^ ^ T"(A) we consider the function 



/ H^{xtr]'{p'^),^)x{t)dt 
Jt"(a) 



IT" (A) 

(the Haar measure dt on T"(A) is defined as dx on r(A), cf. 3.3). The same argument 
as in the proof of Proposition 3.4 shows that this function is absolutely integrable over 
T'{F) if e PL(E)+. The Fourier transform for x' e A'j. 

H^{xtr]'{p'^),(p)x{t)dt\ x'ix)dx 

T'(A) \JT"{A) / 
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is absolutely integrable over A'rp. Using Poisson's summation formula twice we get 

^ J ML I ^,ic-ij_. I 



= V V / Hj:{xt7^'{p'^,^)x{t)dt= V il H^ixtri\p'^),^)dt. 

Now we collect all the terms together. 
Lemma 6.2 The constant g{0) is equal to 

-^gP'(F)\G{F) 

Lemma 6.3 T/ie /mit 

lim TT (/?(e) / H^{t,if)dt 

exists and is positive. 

Proof. Consider the embedding Nji and let 

S" ■= {anN^\a e S}. 

This is a complete fan in which consists of rational polyhedral cones, but which is 
not necessary a regular fan. We can obtain a regular fan by subdivision of the cones into 
regular ones (cf. |]T1|, ch. I, §2, Theorem 11). This gives us a complete regular fan S" 
such that any cone in S" is contained in a cone of S". Denote by S" the set of primitive 
integral generators of the one-dimensional cones in S". Computing the integral as in 
section 3.4 we get 

/ Hj,it,^)dt= Ct"i^,^) n 
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(cf. (|T2[)), where Ci;"(l; regular in a neighborhood oi ip = Q and positive for (p = Q. 
Let e G iV and cr e E' be a cone containing e. Write e = Xleeo-nSi ■ e (tg £ Z>o). 
Suppose 

l = (<^S + <^L)(g)= Y. ^e(l + V^L(e)). 

eSo-nSi 

Then te = for all e G o" fl E'^ because G Xlees'^ R'>oV^e (cf. 5.4). Hence, 

e = ^ te ■ e 

eeo-nEi-s'^ 

and V5i;(e) = 1 implies e G Ei — E'^^. Therefore, 

,..,:!iv.* n ^(e)ni/(i.^(«)) 

=i n n ^/(i,(^s+^L)(e)) 

and this is a positive real number. □ 
In theorem 5.5 we claimed the non-vanishing of g{Q)- We are now in the position to prove 
Corollary 6.4 

g{Q) > 0. 



Proof. By Lemma 6.2 it is enough to show that 

^^0,v.ePL(E)+ ^^J^-^^, JT"{F)K^,rI 

is positive. Let ti, G T(A) such that 

V 

T"(A) = y t,T"(F)KT» ■ J. 
Then there exists a constant c > such that for all t G T"(A) and j = 1, z/ we have 
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Hence we can estimate 



Jt"{a) Jt"(f)Kj,„i 





Jt"{f)Kj,„i 

Lemma 6.3 allows us to conclude that the limit above is indeed positive. 



□ 



7 Technical theorems 



7.1 Let {A,V,A) be a triple consisting of a free abelian group A of rank d, a d- 
dimensional real vector space V := A R containing A as a sublattice of maximal 
rank, and a closed strongly convex polyhedral rf-dimensional cone A C Aji such that 
A n -A = {0}. Denote by A° the interior of A. Let (A^, V'^,A^) be the triple consisting 
of the dual abelian group = Hom(A, Z), the dual real vector space = Hom(V^, R) 
and the dual cone A"^ C . We normalize the Haar measure dy on V'^ by the condition: 



We denote by Xa(^^) the set-theoretic characteristic function of the cone A and by 
Xx{v) the Laplace transform of the set-theoretic characteristic function of the dual cone 



where Re(f ) G A° (for these v the integral converges absolutely). 

Consider a complete regular fan S on V, that is, a subdivision of the real space V into 
a finite set of convex rational simplicial cones, satisfying certain conditions (see 0, 1.2). 
Denote by Si the set of primitive generators of one dimensional cones in S. Denote by 
PL(E)r the vector space of real valued piecewise linear functions on V and by PL(E)c 
its complexification. 

Proposition 7.1 (j^, Prop. 2.3.2, p. 614) For any compact K C PL(S)c with the 
property that Iie{(f{v)) > for all (f & K. and v ^ there exists a constant k(K) such 
that for all (f and all y G V^^ the following inequality holds: 



VoK^^M^) = 1. 




^-^(v)-i{v,y)^^ < k(K) 



dim cr=d 



1 
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7.2 Let H C V he a hyperplane with H nA = {0}. Let yo G V"^ with H = Ker(?/o), 
such that for all x G A : yo{x) > 0. Then yo is in the interior of C . Let xq G A° 
and let 

H' = {y'eV'^\y'ixo) = 0}. 
We have = H' ® Rj/o- Define ip : H' ^Rhj 

^{y') = mm{t\y' + tyo G A^}. 

The function ip is piecewise linear with respect to a complete fan of H'. Taking a subdi- 
vision, if necessary, we may assume it to be regular. 

Proposition 7.2 The function Aa(m) is absolutely integrable over any linear subspace 
U CH. 



Proof. For h E H we have 



oo 



H' 



Therefore, h ^ t^/vixo + ih) is the Fourier transform of the function 

H' ~ H"^ . The statement follows now from 7.L □ 



7.3 The rest of this section is devoted to the proof of the meromorphic continuation of 
certain functions which are holomorphic in tube domains over convex finitely generated 
polyhedral cones. In section |^ we have already introduced the terminology and explained 
how this technical theorem is applied to height zeta functions. 

Let E he a. finite dimensional vector space over R and Eq its complexification. Let 
V d E he a subspace. We will call a function c : V ^ R>o sufficient if it satisfies the 
following conditions: 

(i) For any subspace U C V and any v & V the function [/ — * R defined by m — * c{v+u) 
is measurable on U and the integral 

cu{v) := / c{v + u)du 
Ju 

is always finite {du is a Lebesgue measure on U). 
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(ii) For any subspace U G V and every v & V — U we have 

lim C[/(t ■ v) — 0. 

Let li,...,lm € E"^ = HomR(i?,R) be linearly independent linear forms. Put Hj = 
Ker(/j) for j = 1, ...,m. Let i? C be an open and convex neighborhood of 0, such that 
for all X e S and all j — 1, m we have lj{x) > —1. We denote by Tb :— B + iE C Ec 
the complex tube domain over B. We denote by A4{Tb) the set of meromorphic functions 
on Tb. 

A meromorphic function / G 7W(Tb) will be called distinguished with respect to the 
data {V; h, Im) if it satisfies the following conditions: 

(i) The function 

is holomorphic in Tg. 

(ii) There exists a sufficient function c : F — > R>o such that for any compact K C Tb 
there is a constant k(K) > such that for all 2; e K and all e F we have 

\g{z \ %v)\ < k(K.)c{v). 

Let C be a connected component of 5 — Ujli '^c a tube domain over C. We 

will consider the following integral: 

Here we denoted by d — diml^ and by dv a fixed Lebesgue measure on V. 

Proposition 7.3 Assume that f is an distinguished function with respect to {V; li, 
Then the following holds: 

a) fc : Tc ^ C is a holomorphic function. 

h) There exist an open and convex neighborhood B of 0, containing C, and linear 
forms li, ...,lrh, which vanish on V, such that 



fc{z)lll,{z) 



has a holomorphic continuation to T 



B- 
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Proof, a) Let K C Tc be a compact subset and let /t(K) > be a real number such 
that for all z E K. and all f G V" we have \g{z + iv)\ < k,{'K)c{v). Since K is a compact 
and C doesn't intersect any of the hyperplanes Hj there exist real numbers Cj > for any 
j — 1, m, such that for all z e K and v eV the following inequahties hold 



IV] 



< Cj. 



lj{z + iv) 

Therefore, for 2; e K and v E V we have 

\f{z + iv)\ < Ci • • • CmK{K)c{v). 

It follows that on every compact K C the integral converges absolutely and uniformly 
to a holomorphic function fc. 

b) The proof proceeds by induction on d = dim V. For d = there is nothing to prove. 
Assume that d > 1 and let vq e V — {0} be a vector such that both vq, —vq G B. We 
define Bi C B as the set of all vectors x E B which satisfy the following two conditions: 
the vector x ±Vo E B and If^^l < | for all j E {1, m} with lj{vo) 7^ 0. The set Bi is 
a convex open neighborhood of E E. Fix a vector xq E C. Without loss of generality 
we can assume that 

{1, mo} := {3 E {1, m} | lj{vo)lj{xQ) < 0} 
with < mo < m. For j E {1, mo}, k E {1, j, m} we define 

lj,k{x) := lk{x) - lj{x)^-^^Y^, Hj^k ■= Ker(/j-fe) C E. 

lj[Vo) 

For all j G {1, ^0} we have that {lj,k)i<k<m,kjtj is a set of linearly independent linear 
forms on E. Moreover, for all x E Bi and j E {1, mo} we have 

lAx) ( Ijix) \ liix) , , „ 

in the case that > and, similarly, in the case that ^ < 

liix] ( liix) \ f liix)\ , . „ 
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Therefore, for all a; e Bi and j e {1, ...,mo},k e {1, j, m} we have 



lj,k{^) =lk i X 



Let Ci be a connected component of 



mo 



^j(^o)' 



t'o > -1- 



\j=l l<k<m,k^j 3=1 



)d\. 



which is contained in C. For 2; e 7b we define 

1 /"+°° 1 f 

hc{z):^—f f{z + iTVo)dT^— f{z + Xvo 

As in (i) one shows that he is a holomorphic function on Tc- For a; e 5i and A e [0, 1] 
we have 

X + Af = (1 - A)x + A(x + vo) e -B. 
If for some z — x + iy e Tc^ {x G Ci) and A e [0, 1] + iR, j G {1, m} we have 

+ Xvo) = 0, 

then it follows that lj{x) + Re(A)Zj(^;o) = 0, and therefore, lj{x)lj{vo) < (since lj{x) has 
the same sign as lj{xo)). Consequently, j G {1, ...,mo}. 
For z e Tc;^ and j e {1, mo} we put 



X,{z) :- 



lj{vo)' 



By our assumptions, we have < Re(Aj(2;)) < |. ^From Xj{z) — Xj'{z), with e 
{!,..., mo} and j ^ f it follows now that 

( z - H^vo] = 0. 



In particular, we have ljji{Re{z)) = 0. This is not possible, because z e Tci- 
Assume now that x E Bi. We have, assuming that lk{vo) 7^ 0, that 



\lk{x + Vo) \ = \lk{vo)\ 



lk{x) 



h{vo) 



+ 1 



>\lkivo)\-\-l + l\^l\lkivo)\. 
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If lk{vo) = then we have lk{x + Vq) = lk{x). 

Fix a. z E Tc\. Then there exist some numbers ci{z) > 0,C2{z) > such that for all 
A e [0, 1], r e R with |r| > Ci{z) we have 

\f{z + Xvo + iTVo)\ 

= \g{z + A^;o + iTVo)\ ■ \ TT(1 + , , , r)| < C2{z)k{z + [0, 1]vo)c{tvo). 

For any z e we have therefore 

mo 1 /" 

= - y; ResA=A,(.)(A ^ f{z + Avo)) + ;r- / -^(^ + ^^o)c^A. 

j=l ^Re(A)=l 

Since Xj{z) 7^ Aj/(2;) for j, j' e {1, ...,mo}, j 7^ /, z eTc^, we have 

ResA=A^(2)(A ^ /(^ + Xvq)) 



Put now for j e {1, mo}, z e Tb^ 
and 

Let Vi C y be a hyperplane which does not contain vq. We want to show that 
the function fj{z) is distinguished with respect to (Vi; {lj,k)i<k<m,k^j)- The function fj is 
meromorphic on Tb^. Also, for all x & Bi and all k e {1, j, m} we have lj,k{x) > — 1. 
Further, we have that 

ftW = *w- n r^jfi 
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is a holomorphic function on Tb^ ■ 

Let Ki C (c Tb) be a compact, and let 



K(i) := {z - I z e Ki}. 

This is a compact subset in Tb- Put 

where K(K(j)) is a constant such that \g{z + iv)\ < K{'K{j))c{v) for all z e K(j) and all 
v e V^. For vi e Vi we put 

Cj(ui) = c[vi~ y-r^vo 

Then for all 2; e Ki and v eVi we have 

\gj{z + ivi)\ < Kj(Ki)cj{vi). 

Moreover, for any subspace Ui C Vi and all Vi e the function Ui — > R, — > Cj{ui+Vi) 
is measurable and we have 

Cj,uA'^l) ■= / Cj(ui + < 00. 

For all vi E Vi — Ui we have 

lim Cj^uiirvi) = 0. 

r— >itoo 

This shows that fj is distinguished with respect to {Vi, {ij,k)i<k<m,ky^j)- 
For z e we put 



Mz):^,^ f f{z + Xvo)dX. 



'Re(A)=l 

If lk{vo) 7^ we have (as above) for all x E Bi the following inequahty 

\k{x + Vo)\ > ^\lk{vo)\. 
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Therefore, we conclude that the function 

Ikiz) 



9o{z) := Mz) n 



Ikiz) + 1 

1 f^^j T-r lk{z + Vo + tTVo} + l. , ^ . . , 

^ o~ / i 11 , / , — —■ ^\g{z + vo + iTVQ)dT 

l<A;<m,(fc(i;o)7^0 

is holomorphic in T^^. 

Further, we have for 2; G Ki (with Ki C Tb^ a compact) and Vi G the inequahty 

\gQ{z + ivi)\ < ko{Ki)cq{vi), 

where ko(Ki) is some suitable constant and 



/+00 
c{vi + TVo)dr. 
-00 



Again, for any subspacc Ui C Vi and any Ui G Vi we have that the map t/i — >■ R given 
by ui — >• co(fi + ui) is measurable, and that 



Co,!7i(^'i) = / Co(vi +ui)dui < 00. 
For all G 14 — C/i we have 

lim co,Ui{rvi) = 0. 

r— +±00 

Therefore, /o is distinguished with respect to [Vi, {lk)i<k<m,ik{vo)7^o)- 

The Cauchy-Riemann equations imply that qq is invariant under Cvq, that is, for 
all 2:1, 2:2 G Tb^ with Zi — Z2 G Cvq we have Sfol-Zi) = go{z2)- We see that /o is also 
invariant under Cvq (in this sense), as well as fi,...,fmo (this can be seen from the 
exphcit representation of these functions) . For z G we have 

mo mo 

hc{z)^fo{z) + Y,fji^)-T.fjiz)- 

j=l j=Q 

Moreover, for such z we have 

If mo ^ ^ 
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where dvidr = dv (and VoW({Afo |A G [0, 1]}) = 1). 

By our induction hypothesis, there exists an open and convex neighborhood B' of 
in E and hnear forms li, ...,1^, which vanish on V, such that 

fc{z)l[i,{z) 

i=i 

has a holomorphic continuation to Tg/. (Strictly speaking, from the induction hypothesis 
it follows only that the linear forms /i, € -E^ vanish on Vi. But since the functions 
/o) /mo "live" already on a tube domain in {E/'R.vq)c, it follows that the linear forms 
are also RfQ-invariant.) 

Now we notice that fc{z) YlJLi hi^) is holomorphic on Tq- Let B be the convex hull 
of B' U C. Then we have that 

rh 

~fc{z)\{l,{z) 
i=i 

is holomorphic on Tg (cf. [jl2[. Theorem 2.5.10). □ 

7.4 Let -E, V, /i, and B <Z {x E E \ lj{x) > — 1 V j = 1, m} be as above. Let C 
be a connected component of -B — UJli -^j- Let / G A^(Tb) be an distinguished function 
with respect to {V; h, Im)- 

Proposition 7.4 There exist an open convex neighborhood B of Q in E containing C 
and linear forms /i, ...,/„ G E'^ vanishing on V such that 

a) for all j G {1, m} we have Ker(/j) fl C = 

b) fc{z) YYj=i ^j{z) has a holomorphic continuation to Tf^. 

Proof. By the proposition above, there exist linear forms li,...,lfh such that V C 
n^]^Ker(/j) and fc{z)YYjLi ^j{z) has a holomorphic continuation to a tube domain Tg 
over a convex open neighborhood B of & E containing C. Suppose that there exist an 
xq E C and a jo ^ {1, ■■■,m} such that ljo{^o) = 0- Then the function 

fc{z)l[lAz) 

is still holomorphic in Tg, with B' = {B — Ker(ZjQ)) U C. It is easy to see that B' is 
connected. The convex hull of B' is equal to B. Therefore, already the function 

fc{z)l[l,{z) 
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is holomorphic on Tg (cf. [jT2[, loc. cit.). 



7.5 As above, let E he a. finite dimensional vector space over R and let li,...,!^ be 
linearly independent linear forms on E. Put Hj := Ker(/j), for J = l,...,m, = 
^0 — E/E^^\ Let ttq : E ^ Eq he the canonical projection. Let V C E he 
a subspace with V fl = {0}, such that ttoIv : ^ -Eq is an injective map. Let 

E+ := {x e ^oUi(a;) > 0, j = l,...,m} 

and let : Eq ^ P := £'o/^o(^) be the canonical projection. We want to assume that 
T^oiy) n -^'o^ = {0}, so that A := iP{Eq) is a strictly convex polyhedral cone. 

Let dy he the Haar measure on Eq normalized by VoldyiE^ / ©^iZ/j) = 1. Let A C V 
he a lattice, and let dv he a measure on V normalized by Vo\dv{V/A) = 1. On we 
have a measure dy' normalized by and a section of the projection Eq — >■ V"^ gives a 
measure dy" on with dy = dy'dy" . 

Let 5 C -E be an open and convex neighborhood of 0, such that for all x G -B and 
j G {l,...,m} we have lj{x) > —1. Let / G A^(Tb) be a meromorphic function in the 
tube domain over B which is distinguished with respect to (V; h, Im)- Put 

= Br\{x e E\ lj{x) >0, j = 1, m}. 



fB+{z) = j—r^l f{z + w)dv 



V 



1 

where d = dim V. 

By 7.3, the function /b+ : Tb+ ^ C is holomorphic and it has a meromorphic 
continuation to a neighborhood of G Ec- Put 



m 



Proposition 7.5 For xq G 5^ we /iav e 



lims"^-7B+(sa;o) = (?(0)A'(7A(a;o)). 

s—^O 
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Proof. For j & J := {1, ...,m} we define 

-.^{veV I lj{v) = 1}, 

i/,,- := {i; G \/ I l,iv) = -1}. 
Let C be the set of connected components of V — UjLi(-^j,+ ^j,-)- a C e C we put 

{j e J I < 1 for all v E C} 

and 

jeJc 

Denote by Vc the complement to V'^ in V and let tt^ : V — Vc ® — > be the 
projection. Since the map Vc R'^<^,f (^j(^'))je./c' injective we see that 7rc(C) is a 
bounded open subset of Vq- For vi e 7rc(C) we put 

C{vi) := K e I + e C}. 

The set C{vi) is a convex open subset of V". Let dvi,dv' be measures on Vc (resp. on 
V^""), with dvidv' = dv. For all s G (0, 1] we have 

^m-d I j^^^^ ^ -^^^^ ^ ^m-d /" /■ j^g^^ ^ -^^ ^ iv')dv'dVi 

= s"*"'^'^ / / f{sxo + iswi + iv')dv'dvi 

Jv 

Here we denoted by d'-' :— dimV'^ and by 

Cs := = + G © V^'^ I svi + v' eC} 

and by the set-theoretic characteristic function of Cg- We have put for any s G (0, 1] 
and any v — Vi + v' E V 

fcA'") ■= fi^^o + isvi + iv'). 

The set 

Kc := {sxo + ivi\s G [0,1], Vi G 7rc{C)} 
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is contained in Tb and is compact. Further, there exist c', c" > such that for all s € [0, 1] 

and ah V = vi + v' E C we have 



ll{l,{sxo + tv) + l) H 



lj(sxo + iv) + 1 



jeJc 



lj{sxo + iv) 



<c', 



Kc"- 



IAxq + ivi) 



Therefore, for s e (0, 1] and v eV we have 

XcXv)9{sxo + isvi + iv')s'^-'^'' JJ(1 + 



3&J 



lj{sxo + isvi + iv') ^ 



<XcAv)s'' 



n 



, lj{sxQ + isvi) .-^f L(a;o + iwi) 



< c'c"k{Kc) 

< c'c"k{Kc) 



n 

j^yj{xo + ivi) 



n 

ii -I 



c'c"k(Kc)c(v') 



n ^ 

%yji^o + ivi) 

since m — df — 4^Jc > 0. (The constant /«(Kc) and the function c : V ^ R>o were 

introduced above.) 

The A'-function corresponding to the cone Eq C Eq (and the measure dy) is given by 

m ^ 

-^<^"°+^"^^=n /,(xo+z.o - 

Since the map from Vc to £'o is injective and since 7ro(Vc) n Eq = {0} we know that the 
function Vi X^+{xo + ivi) is absolutely integrable over Vc (by 7.2). Therefore, 

v^v^ + v'^ c'c"k{Kc)\ TT , , ^, . J c(^0 
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is integrable over V. 

For a fixed v E V wc consider the limit 

s— »0 

The estimate above shows that this hmit is if m — rf"^ — #Jc > 0. Therefore, we 
assume that m = dP + jj^Jc- Then the map is an isomorphism. Since 

T^oiy) n -Eq" = {0}, it follows that Jc — J- There exists exactly one C E C with Jq — J 
and we denote it by C° . This C° contains and for all sufficiently small s > we have 
s • V G C°, and therefore, v £ C°. 
Moreover, we have 

lim.-/c,.(^) = lim.-^(.a;o + isv) fj hi^''^^ + '^') + ^ 

s->-0 s^O -L-L IAsXq-\-ISV) 

j=l -I 

m ^ 

Using the theorem of dominated convergence (Lebesgue's theorem), we obtain 
lim.^o s"'-^fB+ (sxo) = lim.^o Ecec (2^ Iv Xc^ {v)s'^-'^ fc,s{v)dv 

□ 

8 Some statements on Eisenstein series 



8.1 Let G be a semi-simple simply connected algebraic group which is defined and split 
over F. Fix a Borel subgroup Pq (defined over F) and a Levi decomposition Pq = SqUq, 
where 5*0 is a maximal F-rational torus of G. Denote by g (resp. cIq) the Lie algebra of 
G (resp. 5*0). 
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We are going to define a certain maximal compact subgroup Kg C G{A). This maxi- 
mal compact subgroup will have the advantage that the constant term of Eisenstein series, 
more precisely, certain intertwining operators, can be calculated explicitly, uniformly with 
respect to all places of F. In general, i.e., for an arbitrary maximal compact subgroup, 
there will be some places where such an explicit expression is not available. In princi- 
ple, this should cause no problems. Any statement in this section should be valid for an 
arbitrary maximal compact subgroup. 



8.2 Let $ = 5*0) be the root system of G with respect to 5*0. We denote by Aq 
the basis of simple roots determined by Pq. For a e $ let 

ga:={Xeg| [H,X]^a{H)X} 

be the corresponding root space. 

Let {{Ha)aeAo, i^ajae^) be the Chevalley basis of g. In particular, this means that 

ga = FXa (a e $), X_a] = Ha{ae Ao), 

Put 

gQ = ^ QHa + Yl ^ g' 

aeAo ae* 

This is a Q-structure for g and for any v e Val(F) the Lie algebra of G{Fy) is g (8)q Fy. 
We put 

k := ®Q,g$+R(XQ, — X_a), 

aeAo ae*+ 

where is the set of positive roots of $ determined by Aq. Then k © p is a Cartan 
decomposition of gg ©q R, g^ := k © ip C gq ©q C is a compact form of gg ©q C and 
gQ ®Q C = gc © igc is a Cartan decomposition of gq ©q C. 

For any complex place v oi F we define to be (exp(gc)) C G{Fy) (identifying F„ 
with C via a corresponding embedding F ^ C). If v is a real place of F we define = 
G{Fy) n (exp(gc)) (identifying F,^;{y/^) ~ C via a corresponding embedding F ^ R). 
In this case, K^, contains (exp(k)). In both cases is a maximal compact subgroup of 
G{F,). 
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Now let f be a finite place of F and let be the stabilizer of the lattice 

J2 H^ + J20, ■ C g®F F,. 

By 0, sec. 3, Example 2, K„ is a maximal compact subgroup of G{Fy). In any case, 
the Iwasawa decomposition G{Fy) = Po(-^d)K„ holds (for non-archimedean v, cf. loc. 
cit.). Then = Ylv ^ maximal compact subgroup of G{A) and G{A) = Pq{A)'Kg. 



8.3 As in section 2.3 we defined for any standard parabolic subgroup P C G 

Hp = Hp,^^ : G(A) ^ Homc(X*(P)c, C) 

by (A, Hp{g)) = log(n„ \KVv)\.) for A G X*(P) and g=vk,V= {Pv)v e P(A), k e Kg- 

The restriction of Hp^^ to 5*0 (A) is a homomorphism, its kernel will be denoted by 
5*0 (A) ^. The choice of a projection Gm(A) Gm(A)^ induces by means of an isomor- 
phism 5*0 — > G*^° a projection 5*0 (A) S'o(A)^ and this in turn gives an embedding 

Uo := (5o(A) V5o(P)(5o(A) n K^))* (5o(A)/5o(P)(So(A) n Kg))*. 

Let {TUa)a£Ao bc the basis of X*{So) which is determined by {zua, P) = Sap for all a,/? G 
Aq. Let P C G be a standard parabolic subgroup. Then Wa for all o; G Ap lifts to a 
character of P and (ti7Q-)aeAp is a basis of X*(P). Put 

lip ■= {x \ X = Xq° W aowa with xo e Wq}. 

Any X G is a character of P(A)/P(P)(P(A) n Kg). Define 

0^ : G(A) ^ 51 
by (pxipk) ~ xip) foi' P G -P(^)) k G The Eisenstein series 

9eP(F)\G(F) 

converges absolutely and uniformly for Re(A) contained in any compact subset of the open 
cone pp + X*{P)^ (cf. ||10|, Theoreme III) and can be continued meromorphically to the 
whole of X*{P)c. 
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For the Eisenstein series corresponding to Pq a proof is given in |T^, chapitre IV. In 
section 8.4 we will give an explicit expression for the Eisenstein series Ep, with P ^ Pq 
as an iterated residue of i^p^ which shows the claimed meromorphy on X*(P)c. 

Let X ^ ^0- The constant term of Ep^{\, x) along P = LU is by definition 



E%iX,x)pi9)= [ E%{\x,ug)du 

JU(F)\U(A) 



U{F)\U{A) 

where the Haar measure on U (A) is normalized such that U {F)\U (A) gets volume one. It 
is an elementary calculation to show that for any parabolic subgroup P ^ Pq the constant 
term Eg{X,x)p is orthogonal to all cusp forms in Ao{L{F)U{A)\G{A)) (cf. ig, 1.2.18, 
for the definition of this space). More precisely, for any parabolic subgroup P ^ Pq the 
cuspidal component of Ep^{X,x) along P vanishes (cf. |T^, 1.3.5, for the definition of 
"cuspidal component"). 

By Lemme 1.4.10 in ||T6[, the singularities of the Eisenstein series Ep^{X,x) and the 
singularities of ii^Pg( A, x)po coincide. Let 

W = NormG(F) {So{F)) / So{F) 

be the Weyl group of G with respect to Sq. For any w E W we normalize the Haar 
measures such that 

/ du = 1 

J{Uo{F)r\wUoiF)w-'>-)\{Uo{A)r\wUo{A)w-'^) 

and on {Uq{A) fl wUo{A)w^^)\Uo{A) we take the quotient measure. Using Bruhat's 
decomposition G{F) = [j^^y^ Pq{F)w~^Po{F) we can calculate 

(22) / E^„(A,x,«^/)rfu= Vc(^,A,x)0.x(^?)e^"'^'°'''"«^'^ 

JUoiF)\Uo{A) ^^y^ 

where po = pp^, {wx)(t) = x{u!~Hw) for all t G 5'o(A), and the functions c{w,X,x) are 
given by 

c{w,X,x)--= I 0^(w;-^)e<^+''^'^^o(--'-))c/M 

J (Uo{A)nwUo(A)w--')\Uo(A) 

(cf. |]T6[, Prop. II. 1.7). They satisfy functional equations: 

(23) E%{X,x,9) = c{w,X,x)E%{wX,wx,g) 
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(24) c{w'w, A, x) = c{w', wX, wx)c{w, A, x) 

(cf. ||16|, Theoreme IV. 1.10). Therefore, it suffices to calculate c{wa, A, x) for a E Aq {wa 
corresponds to the reflection along a). 

Put Sa = Ker(a;)° C Sq and Ga = Zg{So)- The Lie algebra of Go, is ao © g_Q, © g^. 
There is a homomorphism '■ SL2^f T^Ga (= derived group of Go) such that dipa 
maps the matrices 

OlX/l 0\/00 
oj'vo -ij'l^l 

to Xa, Ha, X_a, respectively. 

On A we take the measure dx that is described in Tate's thesis (then Vol(F\A) = 1). 
We have 

c{wa, X,x) = j (^xiVai ° ^ )) exp (^{X + po, Hp^{^a{ ^ ^ )))^ dx. 

It is an exercise to compute this integral. The result is 

^(X°«, (A,a)) 



(25) c{wa,X,x) J I ^ 1 , /\ \^• 

L(xoa,l + (A, a)) 

The Hecke L-functions are defined as follows. Let x '■ Gm(A)/Gm(-F) be an 

unramified character. For any finite place v we put 

Lv{Xv:S) = (1 - X^(vr„)|vr„|^)"^ 

and 

Lf{x,s) = Wl^{xv,s). 

v\oo 

For any archimedean place v there is a r„ G R such that Xvi.^^) = Ix^l^J'' for all Xy G F*. 
Then 



LviXv, s) :-- 



TT 2 Y(^^f^), if V is real 



(27r)"('*+*'^")r(s + iTt,), if V is complex 
We define the complete Hecke L-function by 

L{x,s)=D'/^L^{x,s)Lf{c,s) 
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where Loq{x^ s) = Y[v\oo ^v{Xv, s) and D = D(F/Q) is the absolute value of the discrim- 
inant of F/Q. If the restriction of x to Gm(A)^ is not trivial then L{x,s) is an entire 
function. If x = 1 then L{x, s) has exactly two poles of order one at s = 1 and s = 0. To 
state the functional equation we let (vr^") (with > and = for almost all v) be 
the local discriminant of over the completion of Q G -Fj, (for non-archimedean places 
v). Put 6 = {6y)v G Gm(A) with 6^ = 1 for all archimedean places and 5„ = vr^" for all 
non-archimedean places. Then 

(26) L{x,s)=xi5)Lix-\l-s). 
Using the functional equations (^) and ( P^D we get 

L{x°a, (A, a)) 



(27) c{w,X,x)= n 



L(y o a 1 + (A, a)) 

a>0,wX<0 ' ' \ ' // 

Proposition 8.3 Let Aq{x) be the set o/a G Aq such that x ° « = 1- Then 

n {X,a)E%{X + po,x) 

aeAo(x) 

has a holomorphic continuation to the tube domain over — |po + -^*(-Po)^- 
Proof. For a G — Aq we have (po, «) > 2 and therefore 

L(xoa, (A + po,a)) 

c(w„, A + Po, X) = 77 , . , , TT 

L(xoa,l + (A + po,a)) 

is holomorphic in this domain. If a G Aq — Ao(x) then x ° restricted to Gm(A)^ is 
nontrivial, hence c{wa, X + po,x) is holomorphic in this domain too. For a G Ao(x) the 
function 

(A, a)L{x o a, (A + po, a)) = (A, a)L(l, 1 + (A, a)) 
is also holomorphic in this domain. This shows the holomorphy of 

n {\(y)E%{X + po,x)poi9) 

aeAo(x) 

= E n (A,a)c(i/;,A + po,x)0«,x(^?)e<"^'+''°^^''"''^°^^^^ 

tyeW a6Ao(x) 

for Re(A) contained in — |po + X*{Pq)^. By [|T6|, Lemme 1.4.10, we conclude that the 
same holds for riQ,g/^(j(^) Eg{X + po,x). n 
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8.4 Let P = LU be a standard parabolic subgroup and x ^ ^p- ^^t A G X*{P)c with 
Re(A) contained in the interior of X*(P)+ and contained in X*{Pq)^ we have 

7eP(i^)\G'{F) 5G{LnPo)(F)\L(F) 

Let wl be the longest element of the Weyl group of L (with respect to Sq) and define 
Cp := lim TT c(^t;L,^9 + po,l)• 



■"0 



By ( ^7|) this limit exists and is a positive real number. 
Proposition 8.4 a) 

Jim ^^^^^ n «)^Po(^ + A + Po, X, g) = cpE^{\ + pp, x, g). 

6j Lei P' = L'U' be a standard parabolic subgroup containing P and suppose that 
X o a = 1 for all a G . Then x ^ l^p' md for all A G X*{P')c we have 



lim n {d,a)E'^{d + \ + pp,x,g) = —E%{\ + pp',x,g)- 



Proof, a) The proof rests on the fact that a measurable function of moderate growth 
on L{F)\L[A) for which all cuspidal components vanish vanishes almost everywhere. (For 
a proof cf. |]16|, Prop. 1.3.4.) We claim that 

lim n {^,a) I y e('?+2po,Hp„(579)) I = {2p,,H,i,g)) _ 

aeAP [s&iLnPo)iF)\L{F) ) 

In fact, the cuspidal components of both sides along all non-minimal standard parabolic 
subgroups of L vanish. To compare the constant terms along Pq H L we can use (|22|) 
(for L instead of G and PqCi L instead of Pq) and the explicit expression of the functions 
c{w, + po, 1) to get the identity stated above (note that wipo + Po = '^Pp)- 
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b) Write x = Xo'YlaeAp with Xo ^ ^p'- For a G Ap — Apr we have 1 = xoa = 

Xo o a- Thus X = Xo o flaeAp, a.oWa&Up>. Using a) wc get 



— . n (^,«)^p(^ + A + Po,X,5) = — £^P'(X + PP',X,5)- 

aeAf 

□ 



8.5 For X e (5o(A)/S'o(F)(5o(A) n K^))* and v e Valoo(-F) there is a character = 
A^(x) e X*(5'o)r such that for all x e SolFy) 

^(^rf.'j — gilog(|A„(a;)|„)_ 

This gives a homomorphism 

{So{A)/So{F){So{A) n Kg))* ^ X*{So)Y'^^^^ 

A 1-^ Xoo = (At,(x))t>|oo 
which has a finite kernel. The image of Uq under this map is a lattice of rank 

(#Valoo(F)-l)dim5o. 

Fix a norm || ■ || on X*(S'o)r and denote by the same symbol the induced maximum norm 
on X*(5'o)r'°"^'''^ (i.e., ||(A^)„|oo|| = niax„|oo ||/^||). Let a,b> and put 

:= {A e X*(Po)r I -X + ^PoeX*{Po)+, X + ^po e X* {Po)+} . 

This is a bounded convex open neighborhood of in X*(Po)r- Note that if A e Ba,b then 
WqX + |po ^ ^*{Po)^, where Wq is the longest element of W. 
Fix an A > such that 

Re ((A + spo, a) ((A + spo, a) -1))+A>1 
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for all A e X*{Po)c with Re(A) G Ba,b, -I - a < Re(s) < 1 + 6 and a G $+. Fix 
A G X*{Po)c with Re(A) G -Ba.t and x ^ ^o- Denote by the set of all positive roots 

a such that x ° = 1- Then 

/a,x(s,c/) := 

is for any fixed s in this strip an automorphic form on G{F)\G{A). Indeed, we observe 
that all cuspidal components of /a,c(s, ■ ) along non-minimal standard parabolic subgroups 
vanish. Now we can use (0) and the explicit formulas for the functions c{w, A, x) in (|26|) 
to see that the constant term of /a,c(s, ■ ) along Pq is holomorphic for s in this domain. 
By Lemme 1.4.10 in we can conclude that the same is true for fx,x{s, ■ )• 

It is our aim to apply a version of the Phragmen-Lindelof principle due to Rademacher 
(cf. ||19[, Theorem 2) to the function 



in the strip —1 — a < Re(s) < 1 + b. 

Using the functional equations of Eisenstein series ( p3D and L-functions (^) we get 

f (-i-a-it )- TT (A - (1 + g + it)po, a){{\ - (1 + a + it)po, a) - 1) 



X 



Hix o d)(<5)D-<^-(i+-+^*)Po-") Yl Lfiiwox) oa,l + {woX + (1 + a + zt)po, a)) 

nLoo{{wox)°a,l + {woX + {l + a + it)po,a)) ^.g / ^ , n , < ■+\ \ 
T ((.n.^■^-lr.^^-Nn.^^(^^n^^An. ^N^ ^^O^A + (1 + a + lt)p„ WOX, 9). 



X 

«>0 a>0 

Lqo ((wqx) o 6, 1 + (wqA + (1 + g + it)po, a)) 
Loo((u^ox)"^ ° a, 1 - {wq\+ {1 + a + it)pQ,a))' 

Note that Loo(- ■ ■) is a product of F-functions. Using the functional equation of the F- 
function we can derive the following estimate: There is c > depending only on a and h 
such that for Re(A) G Ba^b and x G Wo we have 

(28) \h,x{-l-a-it,g)\ 

< cE%{Re{woX) + (l + a)po,^7) x (1 + ||Im(A)|| + ||xoo||)'ll + 

where 5^ := p{2 + a + h) and /i > depends only on F and G. Moreover, assuming c to 
be big enough, we have also 

(29) |/a,;,(1 + h + tt,g)\< cEg,(Re(A) + (1 + 6)po, 9)- 
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The proof of the following lemma was suggested to us by J. Franke. 

Lemma 8.5 For Re(A) G Ba^b, X ^ ^'^^ —1 — a < a < 1 + b the following estimate 
holds: 

\f,^^{a + tt,g)\ < cE%{ReiX) + {l + b)po,g)^ 
{E%{Re{woX) + (1 + a)po,g){l + ||Im(A)|| + ||Xoo||)'l2 + a + a + . 



X 



Proof. This follows immediately from Theorem 2 in ||T9[ once we have shown that for 
-1 — a < a < 1 + b we have 



(30) \fxA(r + it,g)\<cie 

for some Ci, C2 > 0. 

By (m) and (Em, the function 



s^e' fx,x{s,g) 

can be integrated over the lines Re(s) = — 1 — a — e and Re(s) = 1 + 6 + e for some e > 0. 
We claim that for all s with — 1 — a < Re(s) < 1 + 6 

(31) e^'f,,^{s,g) 



27ri J-R^e{z)=-l-a-€ Z — S 2TXi J B^e{z)=l+b+c Z — S 

Denote the right-hand side by h{s,g). This is a measurable function of moderate growth 
on G{F)\G{A) (cf. ( ^8]) and (p9D ). All cuspidal components oih{s, ■ ) along non-minimal 
standard parabolic subgroups vanish. The same is true for the left-hand side. 

It remains to compare the constant terms of both sides along Pq. By the absolute and 
uniform convergence of the integrals over the vertical lines we see that the constant term 
of h{s, ■ ) along Pq is 

(32) - ^ / i^d^dz + ^ [ '-^d^dz. 

where 

9\,xi^^9)-= fx,x{z,ug)du. 

JUo{F)\U{A) 
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The explicit expression of the constant term of Ep^ along Pq in (^) and uniform estimates 

Theorem 5 (but for a larger strip), allow us to conclude that 



for L-functions as in [19 



is just the constant term of fx,xi^^ ' ) along Pq. Thus, by Proposition 1.3.4 in |T^ 



we have established (|3TD . /^From ( pT]) it follows that \e'^ fx,x(^^ ')! is bounded by some 
constant in the strip — 1 — a < Re(s) < 1 + 6 and this in turn implies (|30|) . □. 

Proposition 8.6 Let a > 0. For any e > there exist constants b,c > such that for 
all X G X*{Pq)c with Re(A) G -Ba,b and % G we have 



n 

a6Ao(x) 



(A, a) + 1 



<c(l + ||Im(A)|| + ||xc 



Proof. Note that if a G $^ — Aq then (po, a) > 2 and hence (A + po, a) ((A + po, a) — 1) 
does not vanish for Re(A) G Ba^b and b > sufficiently small. For such b there is a constant 
Ci such that 

(A, a) 



n 

aGAo(x) 



<<;|/a,»(i.1g) 



Now we use the estimate for \fx^^{l, 1g)\ in Lemma 8.5 and require that pb < e. This 
gives the desired result. □ 

Proposition 8.7 Let P be a standard parabolic subgroup of G. Let a, e > 0. Then there 
exist b,c> such that for all x ^ Wp and A G X*{P)c with -Re(A) + |po ^ X*(P)+ and 
Re(A) + |po e X*(P)+ we have 



n 



(A, a) + 1 



E'fi\ + pp,x) 



aGAp(x) 

w/iere Ap(x) = Ao(x) n Ap. 



<c(l + ||Im(A)|| + ||xc 



Proof. By the preceding proposition, there exist b,c' > such that for all A' G X*(Po)c 
with Re(A') G -Ba.fe we have 



n 

aeAo(x) 



<c'(l+||Im(A')|| + ||Xc 
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Note that ^od = 1 for all a G and hence Ao(x) = Ap(x) U A^. Now let A G X*{P)c 
be as in the proposition, i.e., -Re(A) + fpp G X*(P)+ and Re(A) + |po e X*{Py. Then 
for all sufficiently small -& G X*{Pq)'^ we have 

-(^ + Re(A)) + |poe^*(Po)+ 
i.e., ■»? + Rc(A) G -Ba^b. Hence for those -& we have 



n 7^TT7^^S(^ + ^ + Po,x) <c'(l + ||Im(A)|| + ||xc 
Letting -d tend to and using Proposition 8.4 we can conclude that 



n 



(A, a) + 1 



^p(A + Pp,x) 



<-(l + ||Im(A)|| + ||xc 
cp 



□ 
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